
Identification of Nonlinear Parameter Varying Systems with
Missing Output Data

Jing Deng and Biao Huang
Dept. of Chemical and Materials Engineering, University of Alberta, Edmonton, Alberta, Canada T6G 2G6

DOI 10.1002/aic.13735
Published online March 12, 2012 in Wiley Online Library (wileyonlinelibrary.com).

An identification of nonlinear parameter varying systems using particle filter under the framework of the expectation-
maximizaiton (EM) algorithm is described. In chemical industries, processes are often designed to perform tasks under
various operating conditions. To circumvent the modeling difficulties rendered by multiple operating conditions and the
transitions between different working points, the EM algorithm, which iteratively increases the likelihood function, is
applied. Meanwhile the missing output data problem which is common in real industry is also considered in this work.
Particle filters are adopted to deal with the computation of expectation functions. The efficiency of the proposed method is
illustrated through simulated examples and a pilot-scale experiment. VVC 2012 American Institute of Chemical Engineers
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Introduction

Over the past few decades, the research of parameter esti-
mation for nonlinear processes has witnessed rapid progress
as it plays a key role in the development of mathematical
models to describe process behavior. Aspects of parameter
estimation and system identification have been discussed
extensively in literature.1,2 Linear modeling techniques have
been quite mature over the past few decades. Nonlinear pro-
cess modeling such as nonlinear autoregressive exogenous,
artificial neural network and Wiener or Hammerstein models
have also been widely applied. However, studies on parameter
estimation for nonlinear parameter varying (non-LPV) system
have been sparse. The inborn nonlinearity of the chemical
processes and the production complexity brought by various
working conditions have both increased the estimation diffi-
culties. In general, chemical processes may behave differently
when performing different production tasks. This includes the
feed raw material property changes, a varying grade in poly-
mer plants, or reaction load changes, etc.

To overcome the limitations of conventional single-model
based modeling techniques, researchers have developed vari-
ous multiple modeling strategies. Shamma et al.3 first intro-
duced a LPV modeling method, which is featured by its linear
structure and varying model parameters. Due to its capability
in approximating nonlinear process, the LPV modeling method
has drawn growing attention from researchers. An LPV model-
ing method was put forwarded by Xu et al.4 in their study of
nonlinear model predictive control (MPC). The process is
tested around each operating trajectory and the global LPV
model is identified by interpolating each linear local model

using all available data. Jin and Huang5 proposed an LPV mod-
eling method under the framework of the expectation and max-
imization (EM) algorithm, which identified the LPV models
using all data points collected from the experiments. Their
work only considered the linear input–output ARX model as
the local models to approximate a global nonlinear model.

Nonlinear state space model is a general class of models
to represent nonlinear dynamic systems. Maximum likeli-
hood estimation of nonlinear parameter invariant state space
models has been studied by Schon et al.6 However, the pro-
cess often operates over various conditions which render dif-
ferent model parameters. The work conducted in this article
aims at the identification of parameter varying nonlinear
state space models.

On the other hand, missing data or irregularly sampled
data is commonly observed in industrial practice. Parameter
estimation of nonlinear dynamic models in the presence of
missing observation has not been well studied. Missing data
could be caused by a sudden mechanical breakdown, hard-
ware sensor failure or data acquisition system malfunction,

etc. Another increasing common source for this missing data
problem is the integration of communication networks in
process control systems and the subsequent potential for data
losses and packet dropouts.

Some common approaches in dealing with missing data
have been presented and summarized in Khatibisepehr’s
work.7 One intuitive way known as case-wise deletion is to
simply exclude the records that contain missing values. Its
major drawback is that some informative data may also be
thrown out in the meantime. In many chemical industries,
for example, process variables such as flow rate, tempera-
ture, stream density are frequently sampled while the key
quality variable like composition which often is of the most
interest can only be obtained after hours of laboratory analy-
sis. Arbitrarily removing the records where lab data is not
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available leads to a loss of useful information contained in
fast sampled variables. Another popular treatment of
incomplete data set is called imputation, including mean
substitution, regression imputation, multiple imputation,
etc. These methods, by their names, replace all missing
value with the mean of that variable or the prediction using
information gained from other data, which appears to be
attractive in the sense that it preserves the complete data
size. Nevertheless, as pointed out by Khatibisepehr,7 the
variances of the data may be considerably changed with
imputation.

The work by Gopaluni8 is an important step towards identi-
fication of parameter invariant nonlinear models with missing
observations, where the EM algorithm is adopted for dealing
with missing data and hidden state, and the particle filter
based smoother is applied for computation of the expectation
functions. This article extends the work of Gopaluni8 by con-
sidering parameter varying nonlinear systems. In addition,
missing output and parameter varying problems in nonlinear
state space model parameter estimation are solved simultane-
ously under the framework EM algorithm. Particle filters are
used for computation of expectation functions. The use of par-
ticle filter rather than the smoother significantly reduces the
computation load.

The remainder of this article is organized as follows: The
‘‘Problem Statement’’ section states the identification prob-
lem of parameter varying nonlinear state space models with
missing output data. The ‘‘Expectation-Maximization Algo-
rithm’’ section begins with a revisit of the EM algorithm and
the derivation of the expression for Q function for non-LPV
state space models with missing output data is given. The
‘‘Computation Through Particle Filtering’’ section provides
a brief description of particle filters and the detail of evaluat-
ing the Q function using particle filters is presented. Numeri-
cal simulations as well as an experimental example are illus-
trated in the ‘‘Simulations and Pilot-Scale Experiment’’ sec-
tion which aim at demonstrating the effectiveness of the
proposed method in non-LPV system identification with
missing output data. The ‘‘Discussion and Conclusion’’ sec-
tion draws the conclusion based on the results obtained in
this article.

Problem Statement

Many industrial processes are often operated in certain
’’orderly’’ ways to meet different production objectives.
Such orderly ways are also referred as operating trajectory
which consists of several predesigned operating points. In
this article, we use ‘‘H’’ to denote the operating variable
according to which the process is operated.

Consider the nonlinear state space model given by

xt ¼ f ðxt�1; ut�1;HÞ þ xt (1)

yt ¼ hðxt;HÞ þ vt (2)

where the system parameters are H which are functions of the
scheduling variable H such that H ¼ g(H). Assume that J
operating points are predefined such that at each Hi, i ¼
1,2,…,J, the process has different parameters in its (nonlinear)
model, and each local set of parameters hi, i ¼ 1,2,…,J are to
be estimated. xt, ut, yt, xt, and vt are state, measured input,
measured output, process noise and measurement noise,
respectively; xt and vt are independent and identically
distributed Gaussian noises with covariance matrices Q and

R, respectively. The input sequence {u1,…,uT} and the
trajectory of scheduling variable {H1,…,HT} are known.

Let X denote the sequence of hidden states {x1,…xT}. The
outputs are available at time {t1,…,ta} while missing at time
{m1,…,mb}. Yo ¼ fyt1 ;…; ytag and Ym ¼ fym1

;…; ymbg stand
for the corresponding observed outputs set and missing out-
puts set. It is assumed that the data is missing completely at
random (MCAR).7 In other words, the probability that data
missing mechanism does not depend on any part of the
observed data or missing data. The nonlinear model struc-
tures in 1 and 2 are known a priori.

Due to the varying operating condition, a single nonlinear
model is not sufficient to represent the process dynamics.
Therefore, a global nonlinear model which is a weighted inter-
polation of each local nonlinear model is adopted as follows

xt ¼
XJ
j¼1

atjxtj (3)

yt ¼
XJ
j¼1

atjytj (4)

An exponential weighting function is used here to denote
the weight for each local model5

xtj ¼ exp
�ðHt � HjÞ2

2ðrjÞ2

 !
(5)

and the normalized weight a can be derived as

atj ¼
xtjPJ
1 xtj

(6)

where rj represents the validity width for each local model
which is bounded by rmin (the lower bound for rj, j ¼ 1: J) and
rmax (the upper bound for rj, j ¼ 1: J). Hence, the parameters
of each local state space model, hj, j ¼ 1: J, as well as the
model validity rj, j ¼ 1: J, are of interest. In the following, we
will show how to formulate the parameter estimation problem
under the scheme of the EM algorithm.

Expectation-Maximization Algorithm

EM algorithm revisit

Expectation-maximization (EM) algorithm9 is a well-
known maximum likelihood based method, which iterates
between two steps, the expectation step and maximization
step. The basic principle behind the EM algorithm is that
instead of performing a direct optimization of the likelihood
of the observed data, which is typically not tractable, one
augments the observed data set Cobs with missing data set
Cmis to perform a series of iterative optimizations. In the
EM procedure both the complete data log-likelihood, log[(-
Cobs, Cmis|H)] and the conditional predictive distribution,
p(Cmis|Cobs,H), are calculated. Consisting of two steps,
namely the expectation step (E-step) and the maximization
step (M-step), the EM algorithm proceeds as follows:

Let Hk be the current best approximation to the mode of
the observed posterior or the best estimated parameters using
all available data. With the parameters currently available
and data that are observed, the distribution function of the
missing observations may be determined. Based on the
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distribution function the expectation of the complete data
with the expectation taking over the missing observation can
be derived, which is known as the Q function. The E-step is
to compute the Q function which is defined by

QðHjHkÞ ¼ ECmisjCobs;H
kflog½pðCobs;CmisjHÞ�g

¼
Z
Cmis

log½pðCobs;CmisÞjH�pðCmisjCobs;H
kÞdCmis

(7)

and the M-step is to maximize the Q function with respect to
H to obtain

Hkþ1 ¼ arg max
H

QðHjHkÞ (8)

The E-step and M-step iterate until convergence.

Formulation of the multiple model parameter estimation
based on the EM algorithm

Consider the state-space model described in Eqs. 1 and 2.
A hidden variable It is introduced to represent the identity of
the sub model which takes effect at time t. The observed
data set Cobs are Yo ¼ fyt1 ;…; ytag, {u1,…,uT}, and
{H1,…,HT}, while the hidden states X ¼ {x1,…,xT}, the hid-
den model identity I ¼ {I1,…,IT} and the missing outputs
Ym ¼ fym1

;…; ymbg can be viewed as the latent or missing
data Cmis. Since input sequence {u1,…,uT} are considered
known, it will not play a role in the following derivation and
will be omitted for simplicity. Let p(Cobs,Cmis|H) denote the
complete likelihood function including both the hidden states
and observations. The Q function is defined as the expecta-
tion of the log-likelihood function log[p(x1:T,I1:T,H1:T,y1:T|H)]
with respect to all latent variables or data which is given by

QðHjHkÞ ¼ ECmisjCobs;H
kflog½pðCobs;CmisjHÞ�g

¼ Ex1:T ;I1:T ;YmjCobs;H
kflog½pðYo;Ym;H1:T ; x1:T ; I1:T jHÞ�g

¼ Ex1:T ;I1:T ;YmjCobs;H
kflog½pðy1:T ;H1:T ; x1:T ; I1:T jHÞ� ð9Þ

In Eq. 9, the term p(y1:T,H1:T,x1:T,I1:T|H) which is the joint
density function of the full data set can be decomposed
using the Bayesian property as

pðy1:T ;H1:T ; x1:T ; I1:T jHÞ
¼ pðy1:T jH1:T ; x1:T ; I1:T ;HÞpðH1:T ; x1:T ; I1:T jHÞ
¼ pðy1:T jH1:T ; x1:T ; I1:T ;HÞpðx1:T jH1:T ; I1:T ;HÞpðH1:T ; I1:T jHÞ
¼ pðy1:T jH1:T ; x1:T ; I1:T ;HÞpðx1:T jH1:T ; I1:T ;HÞ:

pðI1:T jH1:T ;HÞ � pðH1:T jHÞ ð10Þ

The first term can be further written as

pðy1:T jH1:T ; x1:T ; I1:T ;HÞ
¼ pðyT jy1:T�1;H1:T ; x1:T ; I1:T ;HÞpðy1:T�1jH1:T ; x1:T ; I1:T ;HÞ
¼ pðyT jy1:T�1;H1:T; x1:T; I1:T ;HÞpðyT�1jy1:T�2;H1:T ; x1:T ; I1:T ;HÞ…
pðy2jy1;H1:T ; x1:T ; I1:T ;HÞpðy1jH1:T ; x1:T ; I1:T ;HÞ
¼ pðyT jxT ; IT ;HÞpðyT�1jxT�1; IT�1;HÞ _spðy1jx1; I1;HÞ

¼
YT
t¼1

pðytjxt;HItÞ ð11Þ

where in the derivation of Eq. 11, we have used Markov
property and the relation that given the model identity I, the
conditional distribution of y is independent of the scheduling
variable H. Similarly the second term can be simplified to

pðx1:T jH1:T ; I1:T ;HÞ
¼ pðxT jx1:T�1;H1:T ; I1:T ;HÞpðx1:T�1jH1:T ; I1:T ;HÞ
¼ pðxT jx1:T�1;H1:T ; I1:T ;HÞpðxT�1jx1:T�2;H1:T ; I1:T ;HÞ…

pðx2jx1;H1:T ; x1:T ; I1:T ;HÞpðx1jH1:T ; x1:T ; I1:T ;HÞ
¼ pðxT jxT�1; IT ;HÞpðxT�1jxT�2; IT�1;HÞ…

pðx2jx1; I1;HÞ � pðx1jI1;HÞ

¼ pðx1jHI1Þ
YT
t¼2

pðxtjxt�1;HItÞ ð12Þ

where in the derivation of Eq. 12, the Markov property about
the state has also been applied. The third term can be derived
below

pðI1:T jH1:T ;HÞ
¼ pðIT jI1:T�1;H1:T ;HÞpðI1:T�1jH1:T ;HÞ
¼ pðIT jI1:T�1;H1:THÞpðIT�1jI1:T�2;H1:T ;HÞ � � � pðI1jH1:T ;HÞ
¼ pðIT jHT ;HÞpðIT�1jHT�1;HÞ … pðI1jH1;HÞ

¼
YT
t¼1

pðItjHt;HItÞ ð13Þ

Derivation of the third term has used the fact that the dis-
tribution of the model identity is completely determined by
the scheduling variable Ht. Substituting Eqs. 11, 12, and 13
in 10, the joint density of the likelihood of the full data set
can be rewritten as

pðy1:T ;H1:T ; x1:T ; I1:T jHÞ ¼
YT
t¼1

ðpðytjxt;HItÞpðItjHt;HItÞÞ�

pðx1jHI1Þ
YT
t¼2

pðxtjxt�1;HItÞ � C ð14Þ

where C ¼ p(H1:T|H) is considered as a constant since the
trajectory of the scheduling variable {H1…HT} is known and
does not depend on H. Furthermore, substituting Eq. 14 in 9,
the Q function can be rearranged as

QðHjHkÞ ¼ Ex1:T ;I1:T ;YmjCobs;H
k log

YT
t¼1

ðpðytjxt;HItÞ
"(

pðItjHt;HItÞÞ � pðx1jHI1Þ
YT
t¼2

pðxtjxt�1;HItÞ � C
#)

¼ Ex1:T ;I1:T ;YmjCobs;H
k

XT
t¼1

½logðpðytjxt;HItÞ þ log pðItjHt;HItÞ�
(

þ log pðx1jHI1Þ þ
XT
t¼2

log pðxtjxt�1;HItÞ þ logC

)
ð15Þ

Since the possible set of the operating points are known a
priori, the expectation can be taken over the discrete variable
It first as
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QðHjHkÞ ¼ Ex1:T ;YmjCobs;H
k

XT
t¼1

XJ
j¼1

log pðytjxt;HjÞ � pðIt ¼ jjCobs;H
kÞ þ

XT
t¼1

XJ
j¼1

log pðIt ¼ jjrj;HtÞ � pðIt ¼ jjCobs;H
kÞ

(

þ
XJ
j¼1

logpðx1jH1Þ � pðIt ¼ jjCobs;H
kÞ þ

XT
t¼2

XJ
j¼1

log pðxtjxt�1;HjÞ � pðIt ¼ jjCobs;H
kÞ þ

XJ
j¼1

logC � pðIt ¼ jjCobs;H
kÞ
)

ð16Þ

Then the expectation is further taken over continuous variables states X(x1:T) and missing observations Ym

¼
Z
X;Ym

XT
t¼1

XJ
j¼1

log pðytjxt;HjÞ � pðIt ¼ jjCobs;H
kÞ � pðx1:T ; ym1:mb jCobs;H

kÞdx1:Tdym1:mb

þ
Z
X;Ym

XT
t¼1

XJ
j¼1

log pðIt ¼ jjrj;HtÞ � pðIt ¼ jjCobs;H
kÞ � pðx1:T ; ym1:mb jCobs;H

kÞdx1:Tdym1:mb

þ
Z
X;Ym

XJ
j¼1

log pðx1jH1Þ � pðIt ¼ jjCobs;H
kÞ � pðx1:T ; ym1:mb jCobs;H

kÞdx1:Tdym1:mb

þ
Z
X;Ym

XT
t¼2

XJ
j¼1

log pðxtjxt�1;HjÞ � pðIt ¼ jjCobs;H
kÞ � pðx1:T ; ym1:mb jCobs;H

kÞdx1:Tdym1:mb

þ
Z
X;Ym

XJ
j¼1

logC � pðIt ¼ jjCobs;H
kÞg � pðx1:T ; ym1:mb jCobs;H

kÞdx1:Tdym1:mb

(17)

Given the previous division of the output into observed and missing subset Yo and Ym, the derivation can be continued as

¼
Xt¼ta

t¼t1

XJ
j¼1

Z
X

log pðytjxt;HjÞ � pðIt ¼ jjCobs;H
kÞ �

Z
Ym

pðx1:T ; ym1:mb jCobs;H
kÞdym1:mb

� �
dx1:T

þ
Xt¼mb

t¼m1

XJ
j¼1

Z
X;Ym

log pðytjxt;HjÞ � pðIt ¼ jjCobs;H
kÞ � pðx1:T ; ym1:mb jCobs;H

kÞdx1:Tdym1:mb

þ
Xt¼T

t¼1

XJ
j¼1

Z
X

log pðIt ¼ jjrj;HtÞ � pðIt ¼ jjCobs;H
kÞ �

Z
Ym

pðx1:T ; ym1:mb jCobs;H
kÞdym1:mb

� �
� dx1:T

þ
XJ
j¼1

Z
X

log pðx1jH1Þ � pðIt ¼ jjCobs;H
kÞ �

Z
Ym

pðx1:T ; ym1:mb jCobs;H
kÞdym1:mb

� �
dx1:T

þ
Xt¼T

t¼2

XJ
j¼1

Z
X

log pðxtjxt�1;HjÞ � pðIt ¼ jjCobs;H
kÞ �

Z
Ym

pðx1:T ; ym1:mb jCobs;H
kÞdym1:mb

� �
� dx1:T

þ
XJ
j¼1

Z
X

logC � pðIt ¼ jjCobs;H
kÞ �

Z
Ym

pðx1:T ; ym1:mb jCobs;H
kÞdym1:mb

� �
dx1:T

¼
Xt¼ta

t¼t1

XJ
j¼1

Z
X

log pðytjxt;HjÞ � pðIt ¼ jjCobs;H
kÞ � pðx1:T jCobs;H

kÞdx1:T

þ
Xt¼mb

t¼m1

XJ
j¼1

Z
X;Ym

log pðytjxt;HjÞ � pðIt ¼ jjCobs;H
kÞ � pðx1:T ; ym1:mb jCobs;H

kÞ � dx1:Tdym1:mb

þ
Xt¼T

t¼1

XJ
j¼1

log pðIt ¼ jjrj;HtÞ � pðIt ¼ jjCobs;H
kÞ þ

XJ
j¼1

Z
X

log pðx1jH1Þ � pðIt ¼ jjCobs;H
kÞ � pðx1jCobs;H

kÞdx1

þ
Xt¼T

t¼2

XJ
j¼1

Z
X

log pðxtjxt�1;HjÞ � pðIt ¼ jjCobs;H
kÞ � pðx1:T jCobs;H

kÞdx1:T þ
XJ
j¼1

logC � pðIt ¼ jjCobs;H
kÞ

(18)

The probability of the jth local model taking effect at the
tth sampling time p(It ¼ j|Cobs,H

k) can be calculated as

pðIt ¼ jjCobs;H
kÞ ¼ exp

�ðHt � HjÞ2

2ðrjÞ2

 !
(19)

where Ht denotes the measurement of the scheduling variable
at time t, Hj is the jth operating point and rj represents the
validity width of the jth local model.

To evaluate the Q function in Eq. 18, the values of density
functions p(x1:T|Cobs,H

k) and p(x1:T,ym1:mb|Cobs,H
k) are

needed. Since direct calculations are intractable, those
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density functions are to be numerically calculated using par-
ticle filter in the next section.

Computation Through Particle Filtering

Particle filters revisit

The basic idea of particle filters is to represent the desired
posterior density function by a series of particles with asso-
ciated weights, i.e., {xit,w

i
t}

N
i¼1. Then the density function of

the states given the current estimation of parameters Hk can
be discretely approximated as10

pðxtjyt1:tb ;HkÞ �
XN
i¼1

xi
tdðxt � xitÞ (20)

where d(�) is the Dirac delta function, tb � t; N is the number
of particles; xi

t is the normalized weight associated with the ith
particle such that

PN
i¼1 x

i
t ¼ 1. Suppose that at time t � 1, a

set of particles {xi1:t�1}Ni¼1 are available and we want to obtain
N particles which represent the hidden state for time t. Since it
is usually difficult to directly draw samples from the true
posterior density p(x1:t|yt1:tb,Hk), the principle of importance
sampling11 is adopted. The idea is to use a so called
importance density q(�) from which one can easily draw
samples xi1:t,i ¼ 1,…,N. Then the posterior is obtained by
resampling important sampling. It has been shown that, as long
as the support region of the posterior density belongs to that of
the importance density, the particle approximation is un-
biased.12 The importance sampling is commonly chosen as the
probability of state transition, i.e.

qðxtjyt1:tb ;HkÞ ¼ pðxtjxt�1;H
kÞ (21)

With this choice, the weight for each particle can be derived as9

xi
t / xi

t�1pðytjxit;HkÞ (22)

For time instants t ¼ m1,…,mb, when the outputs are not
available, draw particles from the importance density
p(xt|x

i
t�1,Hk) and keep the weights unchanged, i.e.

xi
t ¼ xi

t�1 (23)

To avoid the degeneracy problem,10 the importance sam-
pling step is usually followed by a resampling procedure.

The idea is to discard the particles with small weights and
concentrate on those with large weights. After resampling,
each particle’s weight will be reset to xi

t ¼ 1
N.

Particle filters approximation and cautious resampling

The problem brought by brute force resampling is that it
reduces the diversity among particles. One solution is to
resample the particles only when it is necessary instead of
performing it at each step. To be specific, Neff is introduced
to represent the effective particle number13

Neff ¼
1PN

i¼1ðxi
tÞ

2
(24)

where xi
t is the normalized weight obtained through 22. It

implies that, as the variance of the weights grows very large,
the effective sample size decreases to a small number which
indicates a severe degeneracy problem. In practice, one uses
resampling to eliminate useless particles only when a severe
degeneracy problem occurs, say, Neff falls below the threshold
Nthred.

Given the current estimation of parameters, the particle fil-
ter algorithm is summarized as follows:

STEP 1. INITIALIZATION. Draw initial N particles {xi0}Ni¼1 from
the prior density p(x0|Hk) and set each particle’s weight to 1

N
Set t ¼ 1.

STEP 2. IMPORTANCE SAMPLING. Generate predicted particles
{xit}

N
i¼1 from the importance density p(xt|xt-1,Hk).

STEP 3. ASSIGNING WEIGHTS. Assign the weight to each parti-
cle using Eq. 22 when yt is available. Otherwise, calculate
the weights according to Eq. 23.

STEP 4. RESAMPLING. Compute the number of effective par-
ticles using Eq. 24. If Neff is less than the threshold Nthred,
then perform resampling and replace the predicted particles
in Step 2 with resampled particles. Reset the weights of
resampled particles uniformly as xi

t ¼ 1
N. Otherwise, go to

Step 5.

STEP 5. Set t ¼ t þ 1 and repeat Step 2 to Step 4 for t � T.

Estimation of p(x1:T|Cobs,H
k) and p(x1:T,ym1:mb|Cobs,H

k) is
a problem of smoothing all states with all available observa-
tions. Its computation with the iterative EM algorithm is in-
tensive. With further marginalization of the states and the
missing observations following the approach of Gopaluni,8

the Q function obtained in 18 can be rewritten as

QðHjHkÞ ¼
Xt¼ta

t¼t1

XJ
j¼1

Z
X

log pðytjxt;HjÞ � pðIt ¼ jjCobs;H
kÞ � pðxtjCobs;H

kÞdxt

þ
Xt¼mb

t¼m1

XJ
j¼1

Z
X;Ym

log pðytjxt;HjÞ � pðIt ¼ jjCobs;H
kÞ � pðxt; ytjCobs;H

kÞ � dxtdyt

þ
Xt¼T

t¼1

XJ
j¼1

log pðIt ¼ jjrj;HtÞ � pðIt ¼ jjCobs;H
kÞ þ

XJ
j¼1

Z
X

log pðx1jH1Þ � pðIt ¼ jjCobs;H
kÞ � pðx1jCobs;H

kÞdx1

þ
Xt¼T

t¼2

XJ
j¼1

Z
X

log pðxtjxt�1;HjÞ � pðIt ¼ jjCobs;H
kÞ � pðxt�1:tjCobs;H

kÞdxt�1:t þ
XJ
j¼1

logC � pðIt ¼ jjCobs;H
kÞ ð25Þ
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Calculation of p(xt|Cobs,H
k), p(xt,yt|Cobs,H

k) and p(xt-1,xt|
Cobs,H

k) is a smoothing problem, of which the computation
cost is very high. A practical solution is to apply recursive
state filtering such that p(xt|Cobs,H

k) is recursively approxi-
mated by p(xt|yt1:tb,Hk) for t ¼ 1: T, p(xt,yt|Cobs,H

k) is recur-
sively approximated by p(xt,yt|yt1:tb,Hk) for t ¼ 1: T,
and p(xt,xtþ1|Cobs,H

k) is recursively approximated by
p(xt,xtþ1|yt1:tb,Hk) for t ¼ 1: T � 1, where tb � t. This solu-
tion can significantly reduce the computation complexity and
thus make the solution possible in real-time applications.

In Eq. 25, the density function p(xt|Cobs,H
k) is approxi-

mated using particle filters as

pðxtjCobs;H
kÞ �pðxtjyt1:tb ;HkÞ ¼

XN
i¼1

xi
tdðxt � xitÞ (26)

When the observation is missing, the joint density of xt
and yt is required, which can be derived as

pðxt; ytjCobs;H
kÞ � pðxt; ytjyt1:tb ;HkÞ

¼ pðytjxt;HkÞpðxtjyt1:tb ;HkÞ
(27)

Since yt is missing, one can replace it with the predicted
yit which is the prediction using xit such that

yit ¼ hðxit;HkÞ (28)

Therefore

pðxt; ytjCobs;H
kÞ �

XN
i¼1

xi
tjxdðxt � xitÞdðyt � yitÞ (29)

where

xi
tjx ¼

pðyitjxit;HkÞpðxitjyt1:tb ;HkÞPN
i¼1 pðyitjxit;HkÞpðxitjyt1:tb ;HkÞ

(30)

Using Eq. 28

pðyitjxit;HkÞ ¼ 1ffiffiffiffiffiffiffiffi
2pR

p exp �ðyit � hðxit;HkÞÞ2

2R

 !

¼ 1ffiffiffiffiffiffiffiffi
2pR

p exp �ðhðxit;HkÞ � hðxit;HkÞÞ2

2R

 !
¼ 1 ð31Þ

Hence

xi
tjx ¼

pðxitjyt1:tb ;HkÞPN
i¼1 pðxitjyt1:tb ;HkÞ

¼ xi
t (32)

As for the joint density function of xt and xtþ1, it can be
approximated as

pðxt; xtþ1jCobs;H
kÞ �pðxt; xtþ1jyt1:tb ;HkÞ

¼pðxtþ1jxt;HkÞpðxtjyt1:tb ;HkÞ

¼
XN
i¼1

xi
tjtþ1dðxt � xitÞdðxtþ1 � xitþ1Þ

(33)

where

xi
tjtþ1 ¼

pðxitþ1jxit;HkÞpðxitjyt1:tb ;HkÞPN
i¼1 pðxitþ1jxit;HkÞpðxitjyt1:tb ;HkÞ

(34)

Substituting these approximated density functions, the Q
function in Eq. 25 can be finally obtained.

QðHjHkÞ �
Xt¼ta

t¼t1

XJ
j¼1

XN
i¼1

xi
t log pðytjxit;HjÞ � pðIt ¼ jjCobs;H

kÞ

þ
Xt¼mb

t¼m1

XJ
j¼1

XN
i¼1

xi
t log pðyitjxit;HjÞ � pðIt ¼ jjCobs;H

kÞ

þ
Xt¼T

t¼1

XJ
j¼1

log pðIt ¼ jjrj;HtÞ � pðIt ¼ jjCobs;H
kÞ

þ
XJ
j¼1

XN
i¼1

xi
1 log pðxi1jH1Þ � pðIt ¼ jjCobs;H

kÞ

þ
Xt¼T

t¼2

XJ
j¼1

XN
i¼1

xi
t�1jt log pðxitjxit�1;HjÞ�pðIt¼ jjCobs;H

kÞ

þ
XJ
j¼1

logC � pðIt ¼ jjCobs;H
kÞ ð35Þ

With the approximated Q function, the EM algorithm can
hence be implemented. In the expectation step, the Q func-
tion is evaluated according to Eq. 35 with the current esti-
mated parameters Hk

j , j ¼ 1: J. In the next maximization
step, the new parameters Hkþ1

j , j ¼ 1: J, are obtained by
maximizing the Q function.

To maximize the Q function over parameters H, deriva-
tive operation is performed with respect to each parameter.
Therefore, optimal estimation of system parameters at each
iteration can be calculated by equating the derivatives to
zero, i.e., @Q

hji
¼ 0, where hji is the ith system parameter for

the jth local model.
The EM algorithm is summarized as follows:

STEP 1. INITIALIZATION. Start with the initial parameters H0
j ,

j ¼ 1: J, and set t ¼ 0.
STEP 2. EXPECTATION. At time t, calculate the approximate Q
function using Eq. 35, given the current estimation of the
system parameters Hk.
STEP 3. MAXIMIZATION. Maximize the approximated Q function
and get the new parameters Hkþ1

j , j ¼ 1: J. Set k ¼ k þ 1.
STEP 4. Repeat Step 2 and Step 3 until the converge condi-
tion is satisfied, i.e., the change of the estimated parameters
between two iterations is less than the tolerance.

The validity for each local model rj, j ¼ 1: J also needs
to be updated during each iteration. Due to the usage of the
exponential function as it is shown in Eq. 5, an analytical
expression is difficult to obtain when maximizing the Q
function.5 The mathematical formulation of the optimization
problem in the search for optimal oi, i ¼ 1,2…J values can
be expressed as

max
oj;j¼1;2 … J

Xt¼T

t¼1

XN
i¼1

XJ
j¼1

xi
t log pðIt ¼ jjrj;HtÞ � PðIt ¼ jjCobs;H

kÞ

S:t: omin�rj; j ¼ 1; 2 … J � rmax ð36Þ
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where logp(It ¼ j |rj,Ht) can be calculated from 6. p(It ¼ j|
Cobs,H

k) represents the probability of the data point belonging
to ith submodel at time t.

In this article, a constrained nonlinear optimization func-
tion named ‘‘fmincon’’ provided by ‘‘MATLAB’’ is adopted
in a search for the optimal value for rj at each iteration of
the EM algorithm.

Finally, having all the estimated model parameters Hj, j ¼
1: J and validity rj, j ¼ 1: J for each local model, the global
model can be obtained by substituting the estimated parame-
ters into 4.

Simulations and Pilot-Scale Experiment

In this section, the proposed approach is evaluated through
both numerical simulations as well as experimental verifica-
tion. Its efficiency in handling missing outputs with less
computational cost will be demonstrated. All the simulations
were run on a 3.00 GHz CPU with 4 GB RAM PC using
MATLAB 2009a.

A numerical simulation example

A first-order process with varying system parameters is
utilized here to demonstrate the efficiency of the proposed
parameter-varying model estimation method. This process
was originally used in Zhu and Xu (2008)14 as an illustrative
example. It is described by the following equation

Gðs;HÞ ¼ KðHÞ
sðHÞsþ 1

(37)

where both the process gain K(H) and the process time
constant s(H) are nonlinear functions of the scheduling
variable H. The specific nonlinear relation is expressed as
follows

KðHÞ ¼ 0:6 þ H2; H 2 ½1; 4� (38)

sðHÞ ¼ 3 þ 0:5H3; H 2 ½1; 4� (39)

By assuming that the observation yt is a cosine function of
the state, this process can be converted to the following non-
linear state space model

_xt ¼ aðHÞxt þ bðHÞut þ xt

yt ¼ cosðxtÞ þ vt
(40)

where

aðHÞ ¼ � 1

sðHÞ

bðHÞ ¼ KðHÞ
sðHÞ

(41)

Apparently, over the whole operating range of the process,
the gain as well as the time constant changes dramatically
and one single process model would hardly capture the dy-
namics of the process in its complete operating range. In
other words, one local model cannot give a good approxima-
tion of the process behavior throughout the whole operating
trajectory. Therefore, multiple models or a parameter-varying
global model is required here to describe the behavior of the
process under different operating conditions.

It is predetermined that the process is to be tested at three
predesigned local operating points

H1 ¼ 1; H2 ¼ 2:25; H3 ¼ 4 (42)

When transition from one operating point to the other,
scheduling variable H is gradually increased by a fixed
interval. Figure 1 shows the trajectory of the scheduling
variable.

The process input u switches randomly among multiple
levels throughout the whole experiment.

T ¼ 250 measurements are collected from the simulation.
Note that the relations between parameters and the schedul-
ing variable expressed in Eqs. 38 and 39 are assumed
unknown in the following identification process. The pro-
posed multiple model parameter estimation method is then
applied. To test the algorithm’s capability in handling the
missing data, different portions of the output data are ran-
domly removed from the model training data set to simulate
missing data problem. N ¼ 150 particles are used for the
particle filter computation.

In the expectation step of the EM algorithm, the Q func-
tion is calculated according to Eq. 35, where

log½pðxitjxit�1;HjÞ� ¼ log
1ffiffiffiffiffiffiffiffiffiffiffi

2pQx

p exp � 1

2

ðxit � ajx
i
t�1 � bjut�1Þ2

Qx

" #" #

(43)

For t ¼ t1: ta

log½pðytjxit;HjÞ�¼ log
1ffiffiffiffiffiffiffiffiffiffiffi

2pQy

p exp � 1

2

ðyt � cos xitÞ
2

Qy

" #" #
ð44Þ

For t ¼ m1: mb

log½pðytjxit;HjÞ� ¼ log
1ffiffiffiffiffiffiffiffiffiffiffi

2pQy

p exp � 1

2

ðyit � cos xitÞ
2

Qy

" #" #

(45)

where yit ¼ cosxit.

Figure 1. Trajectory of the scheduling variable H.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

3460 DOI 10.1002/aic Published on behalf of the AIChE November 2012 Vol. 58, No. 11 AIChE Journal



As for p(It ¼ j|Cobs,H
k), it can be calculated according to

Eq. 6 as

pðIt ¼ jjCobs;H
kÞ ¼ exp

�ðHt � HjÞ2

2ðrjÞ2

 !
(46)

In the maximization step of the EM algorithm, by taking
derivative over the Q function and equating it to zero, each
individual component of the parameters is hence calculated
as

anew
j ¼

PT
t¼2

PN
i¼1 x

i
t � expð�ðHt�HjÞ2

2ðrjÞ2 Þ � ðxitxit�1 � boldxit�1ut�1ÞPT
t¼2

PN
i¼1 x

i
t � expð�ðHt�HjÞ2

2ðrjÞ2 Þ � ðxit�1Þ
2

(47)

bnew
j ¼

PT
t¼2

PN
i¼1 x

i
t � expð�ðHt�HjÞ2

2ðrjÞ2 Þ � ðxitut�1 � aoldxit�1ut�1ÞPT
t¼2

PN
i¼1 x

i
t � expð�ðHt�HjÞ2

2ðrjÞ2 Þ � u2
t�1

(48)

The trajectories of the estimated parameters for each local
model when 25% output data are missing are shown in
Figures 2 and 3. The estimated parameter values after 150
iterations are given in Tables 1 and 2.

The comparison result of the identified global model with
the true output is displayed in Figure 4. Here to better test
the validity of the identified model, model validation is con-
ducted under other two different operating points

H4 ¼ 1:75; H5 ¼ 3 (49)

and the comparison of the global model prediction with the
true process output is shown in figure 5.

Figure 6 provides a weighting map of each local model
under different scheduling values. Based on this calculated
weighting map as well as Eq. 4, model predictions can be
calculated for all the H values.

Comparison result displayed in Figures 4 and 5 shows that
the identified global model not only can well capture the
process dynamics under the training operating conditions,
but also perform well in capturing the process dynamics at
other operating points that are different from the operating
points within the training data. This confirms the effective-
ness of the identified global model in approximating the real
process dynamics throughout the operating range.

Figure 3. Trajectories of estimated parameter b for
each local model when 25% observations are
missing.

Blue solid line represents the trajectory of b for the first

local model; green plus star line represents the trajec-

tory of b for the second local model; red dash line is the

the trajectory of b for the third local model. [Color fig-

ure can be viewed in the online issue, which is available

at wileyonlinelibrary.com.]

Figure 2. Trajectories of estimated parameter a for
each local model when 25% observations are
missing.

Blue solid line represents the trajectory of a for the first

local model; green plus line represents the trajectory of

a for the second local model; red dash line is the the tra-

jectory of a for the third local model. [Color figure can

be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Table 1. Estimated Parameter a After 150 Iterations

True Value

a1 ¼ 0.7143 a2 ¼ 0.8850 a3 ¼ 0.9715

Proportion of missing
output a1 a2 a3

Full data set 0.7258 0.8952 0.9628
25% 0.7074 0.8628 0.9615
50% 0.7021 0.8654 0.9751

Table 2. Estimated Parameter b after 150 Iterations

True Value

Proportion of
missing output

b1 ¼ 0.4571 b2 ¼ 0.6512 b3 ¼ 0.4743
b1 b2 b3

Full data set 0.4650 0.6601 0.4798
25% 0.4779 0.6548 0.4534
50% 0.4716 0.6570 0.4681

AIChE Journal November 2012 Vol. 58, No. 11 Published on behalf of the AIChE DOI 10.1002/aic 3461



Continuous stirred tank reactor

This model has been utilized as the illustration examples
in Gopaluni (2008)8 and Jin and Huang (2010).5 The system
is described by the following set of differential equations

dCAðtÞ
dt

¼ qðtÞ
V

ðCA0ðtÞ � CAðtÞÞ � k0CAðtÞ exp
�E

RTðtÞ

� �
(50)

dTðtÞ
dt

¼ qðtÞ
V

ðT0ðtÞ � TðtÞÞ � ðDHÞk0CAðtÞ
qCp

exp
�E

RTðtÞ

� �

þ qcCpc

qCpV
qcðtÞ 1 � exp

�hA

qcðtÞqCp

� �� �
ðTc0

ðtÞ � TðtÞÞ

(51)

where CA is the outlet reagent concentration (g/l); T is the
reactor temperature (g/l); the inlet flow rate q is the system
input. The explanations of the system variables and their
corresponding steady state values are given in Table 3. We
consider the temperature T as an interested output variable.
The coolant flow rate qc has a direct impact on the process
dynamic; and it is the scheduling variable H from which the
operation condition of the process is determined. The
trajectory of the scheduling variable is given in Figure 7.

The system parameters to be estimated are h1 and h2

which are both functions of the scheduling variable qc such
that

h1 ¼ qcCpc

qCp
HðtÞ (52)

Figure 4. Validation of the identified global model
against the model training data set.

Blue line represent the real process output and the red

dash line is the simulated output from the identified

global model. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

Figure 5. Cross validation of the identified global
model.

Blue line represent the real process output and the red

dash line is the simulated output from the identified

global model. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

Figure 6. Weight of each local model at different oper-
ating points.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 3. CSTR Model Parameters and Their Steady State
Values

Parameters Steady State Value

Production concentration of component A, CA output1
Temperature of the reactor, T output2
Feed Concentration of component A, CA0 1 mol/L
Feed temperature, T0 350.0 K
Specific heats, Cp, Cpc 1 cal/(g K)
Liquid density, q, qc 1 � 103 g/L
Heat of reaction, DH �2 � 105 cal/mol
Activation energy term, E/R 1 � 104 K
Reaction rate constant, k0 7.2 � 1010min�1

Heat transfer term, hA 7 � 105 cal/(min K)
The reactor volume, V 100 L
Inlet coolant temperature, Tc0 350.0 K
Process flow rate, q Input
Coolant flow rate, qc Scheduling variable
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h2 ¼ hA

HðtÞqCp
(53)

Finally the differential equations can be written in the fol-
lowing form with h1 and h2 as varying unknown parameters

dCAðtÞ
dt

¼ qðtÞ
V

ðCA0ðtÞ � CAðtÞÞ � k0CAðtÞ exp
�E

RTðtÞ

� �
(54)

dTðtÞ
dt

¼ qðtÞ
V

ðT0ðtÞ � TðtÞÞ � ðDHÞk0CAðtÞ
qCp

exp
�E

RTðtÞ

� �
þ h1f1 � expð�h2ÞgðTc0

ðtÞ � TðtÞÞ ð55Þ

The process is operated at three different operating points
H1 ¼ 98 L/min; H2 ¼ 100 L/min; H3 ¼ 102 L/min; during

the transition period the dilution factor is increased by a
fixed step size and no additional excitation signal is added to
the dilution factor. System parameters h1 and h2 vary with
the scheduling variable, resulting in a time varying nonlinear
process which cannot be adequately described by a single
nonlinear model. The experiment is performed under these
three operation conditions and the training data collected
with 25% output data randomly erased.

The algorithm is applied to the training data and an
approximate global model is obtained afterwards. Once
again the explicit relations expressed in Eqs. 52 and 53 are
assumed unknown in the following identification process.
The result of the model validation for the training data is
shown in Figure 9.

Figure 10 provides a weighting map of each local model
under different scheduling values. Based on this calculated

Figure 7. Trajectory of the scheduling variable H.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 8. Validation of the identified global model
against the model training data set.

Blue line represent the real process output and the red

line is the simulated output from the identified global

model. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]

Figure 9. Cross validation of the identified global
model.

Blue line represent the real process output and the red

line is the simulated output from the identified global

model. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]

Figure 10. Weight of each local model at different oper-
ating points.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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weighting map as well as Eq. 4, model predictions can be
calculated under all the H values within the operating range.

Comparison results displayed in Figures 8 and 9 show that
the identified global model can well capture the process
dynamics at both training operating points as well as other
operating points that are not included in the training operat-
ing points.

Experimental evaluation: a multitank system

In this section, an experimental evaluation on a three-tank
system is performed to further verify the effectiveness of the
proposed algorithm. Figure 11 illustrates the simplified pro-
cess setup of the three-tank system which consists of three
tanks placed on top of each other. During the experiment,
water is pumped from the bottom supply tank into the top
tank and then flows to each tank by gravity. There are three
valves, one for each tank, by adjusting which the outflow
rate from each tank can be controlled. The nonlinear model
describing the process dynamics is given by

dH1

dt
¼ 1

b1

q� 1

C1H
a1

1

C1H
a1

1

dH2

dt
¼ 1

b2

C1H
a1

1 � 1

b2

C2H
a2

2

dH3

dt
¼ 1

b3

C2H
a2

2 � 1

b3

C3H
a3

3

(56)

where
- q is the inlet flow rate into the upper tank;
- Hi is the water level of the ith tank, i ¼ 1,2,3;
- Ci is the resistance of the output orifice of the ith tank, i ¼
1,2,3;
- bi is the cross sectional area of the ith tank, i ¼ 1,2,3;
- ai is the flow coefficient of the ith tank, i ¼ 1,2,3.

The process dynamics of the second tank is of interest in
this study. The state space model with the water level in the
second tank H2 as the state is given by

dH2

dt
¼ 1

b2

C1H
a1

1 � 1

b2

C2H
a2

2 þ wt

yt ¼ xt þ vt

(57)

From Eq. 57, it can be seen that water level of the first
tank has a direct impact on the second tank water level.
Therefore, H1 is chosen as the scheduling variable of the
system. Three different operating points are selected as
shown in Table 4. The water level of the top tank H1 is
maintained at the desired value through a PID controller by
manipulating the inlet flow rate into the top tank.

When transition from one operating point to the other, the
water level in the top tank increases at a fixed step over the
transition period until reaches the value of the next operating
point. The trajectory of the scheduling variable H1 is shown
in Figure 12.

The value of a2 is chosen as 0.5 according to the multi-
tank system experiment manual. This is an appropriate
assumption as the inlet flow rate is fairly small so that the
water dynamic in each tank can be considered as laminar

Figure 11. Three tank system schematic.6

Table 4. Designed Operating Point for the Experiment

Operating points, H1m,m ¼ 1,2,3,4

5 cm
10 cm
14 cm

Figure 12. Three tank system scheduling variable for
the self validation.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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flow. The output orifice resistance C2 is directly affected by
the valve position of the second tank V2; hence C2 can be
approximated as linear function of V2 such that

C2 � a � V2 (58)

The sectional area of the second tank is given below

b2 ¼ c � wþ H2

H2 max

� b � w (59)

where c, w, b, H2max are the geometrical parameters of the
second tank with each value given as

c ¼ 10 cm; w ¼ 3:5 cm; b ¼ 34:5 cm; H2max ¼ 35 cm

(60)

By substituting Eqs. 59 and 58 in 57, the state equation
becomes

dH2

dt
¼ H2max � C1 � Ha1

1

wðcH2max þ bH2Þ
� H2max � a � V2H

0:5
2

wðcH2max þ bH2Þ
þ wt (61)

Therefore, the state equation of H2 can be rearranged as

dH2

dt
¼ h1

cH2max þ bH2

� h2 � V2 � H0:5
2

cH2max þ bH2

(62)

where h1 is function of H1 such that

h1 ¼ H2max � C1 � Ha1

1

w
(63)

h2 ¼ H2max � a
w

(64)

A multiple level random signal is designed for the valve
position V2 as the system input. The process input and out-
put data are given in Figure 13.

The relations between parameters and the scheduling vari-
able expressed in Eqs. 63 and 64 are assumed unknown in
identification. The collected experimental data is then passed
through the proposed algorithm with 20% output data
randomly removed. The self validation result is given in
Figure 14.

It can be seen from Figure 14 that the estimated global
model performs well in the self validation. Another experi-
ment is conducted for the cross validation to test the global
model’s capability in predicting the dynamics of the process
at different operating points. In the cross validation experi-
ment, the scheduling variable H1 is maintained at 8 cm
during the whole cross validation experiment. The input
signal and the output data for cross validation is shown in
Figure 15.

Figure 16 gives the result of the cross validation which
shows a good match between the real process output and the
prediction of the identified global model, confirming the
effectiveness of the proposed algorithm.

Discussion and Conclusion

This article described a Bayesian approach for identifying
parameter-varying nonlinear state space model with missing
output data within the framework of the EM algorithm. Par-
ticle filter is used for the calculation in the Expectation step.
The capability of the proposed algorithm in handling missing
observations in the presence of varying parameters is demon-
strated through numerical examples as well as a pilot-scale
experiment.

What have been discussed in this article so far mainly
focus on the parameter estimation using a complete data set
which is usually considered as an off-line analysis. The par-
ticle filtering approximation used in this article reduced the
computation burden compared with the particle smoothers.
The EM algorithm is an iterative method which takes certain
time for the estimation to reach convergence. For example,
for the data set with the length of 500 data point, the EM
algorithm would take a couple of minutes to reach

Figure 13. Three tank system input–output data (a)
water level of the second tank, process out-
put (b) valve position V2, process input.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 14. Self-validation result.

Blue solid line is the collected process data, red dash

line is the simulated output of the identified global

model. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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convergence. When it comes to on-line implementation, it is
possible to apply the proposed method for model parameter
estimation with proper sampling time and data length.

The model identification is an important step towards pro-
cess monitoring and process control. Obtaining a fairly accu-
rate model not only help better understand the process
behavior, but can also be used for controller design purpose.
For example, in the MPC which is a multivariable control
algorithm, an internal dynamic model of the process is a pre-
requisite. For nonlinear systems with multiple operating
points, single model may not be sufficient to describe the
process and thus not suitable for controller design. The algo-
rithm proposed in this article takes all the operating condi-
tions into account and provides estimation of the global
model parameters. Therefore, it is possible to design a MPC
controller based on this identified global model and the con-
trol signal can be accordingly calculated.

It is doable to extend the proposed algorithm to deal with
the parameter identification problem for hybrid systems. In
this article, the parameter estimation problem is formulated
under the framework of the EM algorithm. In addition to the
hidden state x1:T and missing output Ym, the hidden model
identity I is introduced to denote which local model takes
effect. As for hybrid system, take the linear piecewise auto-
regressive exogenous (PWARX) process as an example
which is formulated as below

yk ¼

hT1
xk
1

� �
þ ek; xk 2 v1

..

.

hTM
xk
1

� �
þ ek; xk 2 vM

8>>>>><
>>>>>:

; k ¼ 1; 2…N (65)

where N, M represent number of data points collected and
number of submodels, respectively, yk is the output, xk is the
regressor which consists of past input and output, ek is the
Gaussian distributed noise with zero mean and variance r2, hi

is the parameter vector of the ith submodel. Zk ¼ xk, yk, k ¼
1,2,…,N is defined as the observed data set generated from a
PWARX system. I is introduced as a ‘‘missing variable’’ to
denote the submodel identity of each data point. With the
defined observed data set and missing data set, the identifica-
tion problem can be formulated under the framework of the
EM algorithm. More discussion with detailed formulation of
hybrid PWARX system can be found in Jin and Huang
(2010).15
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